Future ground-based CMB experiments will generate competitive large-scale structure datasets by precisely characterizing CMB secondary anisotropies over a large fraction of the sky. We describe a method for constraining the growth rate of structure to sub-1% precision out to z ≈ 1, using a combination of galaxy cluster peculiar velocities measured using the kinetic Sunyaev-Zel'dovich (kSZ) effect, and the velocity field reconstructed from galaxy redshift surveys. We consider only thermal SZ-selected cluster samples, which will consist of O(10 4 −10 5 ) sources for Stage 3 and 4 CMB experiments respectively. Three different methods for separating the kSZ effect from the primary CMB are compared, including a novel blind "constrained realization" method that improves signalto-noise by a factor of ∼ 2 over a commonly-used aperture photometry technique. Measurements of the integrated tSZ y-parameter are used to break the kSZ velocity-optical depth degeneracy, and the effects of including CMB polarization and SZ profile uncertainties are also considered. A combination of future Stage 4 experiments should be able to measure the product of the growth and expansion rates, α ≡ f H, to better than 1% in bins of ∆z = 0.1 out to z ≈ 1 -competitive with contemporary redshift-space distortion constraints from galaxy surveys.
I. INTRODUCTION
Galaxies and their big sisters, clusters, are test particles buffeted around by the cosmic gravitational field. If we could accurately measure their motions, as well as their positions, it would be possible to learn much more about the origin and evolution of large scale structure, the fundamental properties of gravity, and the constituents of the Universe. Measurements of large scale flows, or peculiar velocities, are complementary to other approaches to mapping out the Universe that use, for example, the cosmic microwave background, the distribution of galaxies, and weak gravitational lensing.
For the past few decades, there have been numerous attempts to embark on this somewhat quixotic enterprise. There are now peculiar velocity catalogues with between 10 3 − 10 4 objects, some of which span the whole celestial sphere, others that are deeper and more targeted [1] [2] [3] [4] [5] [6] [7] . It has been an arduous endeavour which, in some cases, has led to controversial results. Attempts at using direct distance indicators to galaxies or clusters (such as Tully-Fisher or fundamental plane relations) lead to shallow surveys with large uncertainties. Type Ia supernovae supply tighter constraints and allow for deeper surveys, but such surveys are, as yet, too sparse [8, 9] ; the same can be said of current kinetic Sunyaev-Zel'dovich measurements (the method that we will explore in this paper). On occasion, peculiar velocity surveys have led to results that are outliers within the standard cosmological canon: in the late 1980s they were used to argue for an Ω ∼ 1 universe [10] , while in the 1990s and 2000s they were used to claim evidence for excessive bulk motion on large scales [11, 12] . Given all this, and the rise of redshift space distortions (RSD) as a tool to learn about infall, direct measurements of peculiar velocities have become a neglected (and often maligned) area of research. This is about to change. We are embarking on a new era of cosmological surveys in which we will map out the Universe with unprecedented precision. In particular, by mapping the CMB over vast swathes of sky with fine resolution and high sensitivity, it should be possible to construct a completely new class of peculiar velocity catalogues that may revolutionize the field. By measuring the scattering of CMB photons off clusters, it is possible to pick up an effect -the kinetic Sunyaev-Zel'dovich (kSZ) effect -which is colour blind (i.e. follows the CMB blackbody spectrum), and proportional to the cluster peculiar velocity [13, 14] . This direct measurement of the peculiar velocity is independent of distance and redshift, and will allow us to construct deep surveys of the large scale flows of the Universe.
The kSZ effect has already been detected statistically, arguably using the WMAP data [15] , but most decisively with data from both the ACT [16] , Planck [17] and ACT-POL [18] experiments. Pointed (i.e. single-cluster) detections also exist, e.g. [19] . The significance of the detections is still poor and not good enough to be able to extract cosmological information, but the outlook is promising. A number of experiments have ramped up their sensitivity and scope, most notably Advanced ACT and SPT-3G [20] , and plans are under way to develop a consortium of telescopes, known as "Stage 4" (S4), that will allow us to construct definitive catalogues of kSZ peculiar velocity constraints with O(10 4 − 10 5 ) objects.
There have been a number of attempts at forecasting what might be possible with future kSZ catalogues [21] [22] [23] [24] . Indeed, using such catalogues to constrain the pairwise streaming velocity or the velocity correlation tensor seems promising, leading to improvements by factors of up to a few in the dark energy figure of merit. These statistics probe larger scales, less contaminated by nonlinear growth and bias, and are complementary to more widely-used clustering statistics in redshift space.
Even more promising is the idea of matching kSZ catalogues with density catalogues in such a way as to "divide out" the cosmic variance in the density/velocity field. It should be possible to reconstruct the most likely velocity field from a measurement of the 3D density field as traced by the number density of galaxies; one can then compare the reconstructed velocity field with the kSZ measurements and find constraints on a combination of the growth rate of structure and the cluster optical depth/ionization fraction. Adding in other measurements, it may even be possible to disentangle the two -making it possible to separately constrain cluster gas physics and the linear growth rate. The purpose of this paper is to explore this approach, unpacking the different steps that go into such an estimation, and assessing the various alternatives at each step. Crucial to our analysis is a realistic assessment of the uncertainties that should be ascribed to this method.
We structure the paper as follows. In Section II we describe the methods proposed to estimate the different ingredients of this procedure (the kSZ signal, the cluster optical depth, and the reconstructed velocities), as well as the forecasting formalism used. In Section III we compare three different kSZ measurement methods, and present the forecast constraints on the combination α ∼ f H for each of them for several choices of current and next-generation CMB experiments and redshift surveys. Finally, in Section IV we summarize the results and discuss the advantages and limitations of the proposed approach.
II. GROWTH RECONSTRUCTION METHOD
The idea behind the method explored here is to match a reconstructed velocity field with CMB measurements of the kSZ effect to obtain a per-source measurement of the growth rate of structure. The potential of combining kSZ measurements with galaxy surveys has been discussed before: forecasts for combinations of upcoming experiments were explored in [21, [25] [26] [27] , and redshift surveys were essential in the first determination of the kSZ streaming velocity [16] , as well as more recent attempts using the CMASS survey to pull out the kSZ signal at redshifts z ∼ 0.4 − 0.7 [18] . In this section we build on previous work and lay out, in detail, the observables that we need to work with, and the various steps involved in building up a reliable estimator for the growth rate.
The fractional temperature fluctuations due to the thermal and kinetic Sunyaev-Zel'dovich effects are [14] ∆T
where n e and P e = k B n e T e are the electron number density and pressure, σ T is the Thomson scattering crosssection, and β r ≡ v ·n/c is the cluster's bulk velocity along the line of sight from the observer (parametrised by l z ). The spectral dependence of the thermal-SunyaevZel'dovich (tSZ) effect is given by f tSZ (ν), and we have also defined the dimensionless Compton-y parameter, y(θ), and optical depth, τ (θ), profiles as a function of angle from the centre of the cluster (i.e. assuming sphericity). From Eq. (2), it is clear that a detection of the kSZ effect corresponds to a measurement of the combination β r × τ ; if an external estimate of τ can be made, this determines the local velocity field.
Let us now assume that we have a spectroscopic galaxy survey covering a volume that contains a number of tSZdetected clusters, and that the redshifts of those clusters are known. As we will describe in Section II D, the galaxy distribution can be used to reconstruct the velocity field at the cluster positions up to a factor
where H and f are the expansion and growth rates, and the subscript "fid" labels quantities computed assuming the fiducial cosmology used to carry out the velocity reconstruction. For a given cosmology, the expected amplitude of the kSZ effect of a cluster i, as defined in Appendix A, is a i kSZ = β i r τ i 500 . Assuming a value for τ 500 and an estimate of the cluster's radial velocity,β r , from the velocity field reconstruction, we can sum over all clusters in a redshift interval [z, z + δz] to obtain a likelihood for α, where ε x = σ x /x are the relative uncertainties on the other three quantities.
The final uncertainty on α for a given combination of CMB experiment and spectroscopic survey depends on the number of clusters for which this process can be carried out. Both this, and the error on the measurement for each cluster, depend on the cluster halo mass, velocity, and redshift, and so we can rewrite Eq. (5) as an integral over their expected distributions,
where n(M, z) is the halo mass function (number density of dark matter haloes of mass M ∈ [M, M + dM ] in a given redshift interval), p(β r |M, z) is the distribution of halo radial velocities, andχ(M, z) is the detection efficiency for a cluster of a given mass and redshift for a given CMB experiment. The prefactor gives the volume of the redshift bin containing the clusters. For a given cosmology and set of survey specifications, we can therefore estimate the error on α by evaluating Eq. (6) .
In what follows, we model the various measurement uncertainty terms in E(M, β r , z) (Sections II A and II D) and the detection efficiencyχ(M, z) for tSZ-selected clusters (Sect. II C).
A. Cluster kSZ signal extraction
Unlike the tSZ effect, which has a distinctive spectral dependence, the kSZ effect has the same flat spectrum as the primary CMB -making the CMB anisotropies themselves an important source of contamination. Most kSZ detection methods therefore attempt to separate the two components by using differences in their angular distributions on the sky; while the angular extent of a typical galaxy cluster is of the order a few arcminutes (corresponding to ∼ 3000), the primary CMB anisotropies are strongly damped for 3000, while dominating the power on much larger scales. An appropriately-designed angular high-pass filter can therefore be used to separate the two contributions. This is the idea behind most kSZ extraction methods (e.g. see [28, 29] and references therein). We compare three in this paper:
• The simplest is the aperture photometry (AP) filter, a blind method that uses a compensated circular filter with a radius similar to the cluster size to filter out the longer-wavelength CMB modes (Sect. II A 3).
• An enhanced semi-blind method, new to this work, that reconstructs and subtracts the CMB behind the aperture by using phase information from the surrounding area of sky, a technique known as constrained realization or in-painting (Sect. II A 2).
• An optimal, minimum-variance matched filter estimator can be constructed by assuming a model for the spatial tSZ/kSZ profiles of the cluster. This entails making strong assumptions about the forms of y(θ) and τ (θ), which leads to efficient filtering but potentially biased kSZ amplitude measurements (Sect. II A 1).
Matched filtering
Matched filtering [e.g. [30] [31] [32] ] entails specifying a model for the spatial and spectral variation of the tSZ and kSZ signals, and then convolving the resulting set of filters with the (foreground-cleaned) maps. A perfectly matched filter will recover an unbiased estimate of the SZ amplitudes by strongly suppresssing all other components with different spatial/spectral distributions. We model the data in each frequency band ν as
where m ν (n) ≡ {∆T (ν,n)} is the sky temperature measured in directionn, the noise term n ν contains CMB, residual foreground (assumed zero here), and instrumental noise contributions, and the sum is over all clusters in the map. The matrix operator U ν (n) ≡ (u tSZ (ν,n), u kSZ (ν,n)) contains the tSZ and kSZ cluster spatial templates for each band, and a ≡ (a tSZ , a kSZ ) is a vector of amplitude parameters (see Appendix A for definitions and parametric profile models).
Assuming that the noise term is homogeneous, isotropic, and Gaussian-distributed [70] , the loglikelihood for the amplitude parameters a is
where l labels the flat-sky Fourier modes of thendependent quantities in the previous equations, and the various bold quantities are appropriately-constructed block vectors and matrices containing the corresponding values for each Fourier mode/band/cluster. The total noise angular power spectrum is given by C N (l). A minimum-variance estimate for a is theñ
with covariance
As stated previously, we assume that the only relevant noise components are the primary CMB anisotropies and instrumental noise. The noise power spectrum is then
where N ν l and B ν l are the noise power spectrum and harmonic coefficients of the instrumental beam profile in frequency channel ν. In our fiducial analysis we will assume uncorrelated noise, so that N ν l = σ 2 N,ν , where σ N,ν is the rms noise per steradian in each channel. Note that correlated instrumental noise (e.g. due to coherent atmospheric fluctuations) is expected to be non-negligible for actual ground-based experiments.
While matched filtering yields a minimum variance estimate of the kSZ amplitude, its effectiveness depends upon selecting the correct SZ profiles; otherwise, the estimates will be biased. Clusters are far from simple, ideal objects, however -profiles vary significantly between clusters, and the parametric profiles that are typically used tend to give only approximate fits to any given object. One could marginalize over the profile parameters, imposing a prior on them based on hydrodynamic simulations, for example, but even state of the art simulations fail to fit some features of real cluster samples. Matched filtering therefore necessitates a strong (and potentially unrealistic) prior to be placed on cluster physics, so substantial care must be exercised in the use of this technique.
Constrained realizations
While the exact shape of the mean kSZ cluster profile is currently very uncertain, we have precise information about the statistics of the primary CMB -its temperature power spectrum is modelled, and well-measured, out to high . This information can be used to construct and subtract a maximum-likelihood (ML) estimate of the CMB behind the cluster, without needing to assume a specific cluster model. The method for doing this, called constrained realization (CR) or 'in-painting' of the CMB, has been used previously to fill-in masked regions of CMB maps, for example [e.g. [33] [34] [35] [36] [37] [38] .
Begin by assuming that a cluster catalogue has been obtained, and a tSZ-and foreground-free map has been produced using a frequency-dependent filtering scheme. Our CR method then proceeds as follows:
1. Define a disc D of radius θ R around the centre of each cluster that is large enough to encompass the bulk of the cluster's kSZ emission.
2. Use the measured CMB fluctuations outside the disc to infer the ML value inside the disc (as described below).
3. Subtract the maximum-likelihood estimate from inside the disc, and integrate the residual in the disc area to estimate the total kSZ flux.
The ML CMB temperature field,T CMB , can be obtained by Wiener-filtering the (cleaned) map with the disc region D masked out [71] . The covariance of the residual CMB field, T
CMB −T CMB , is given by
, where C is the CMB covariance matrix (fixed to a best-fit power spectrum model), and N is the noise covariance matrix assuming infinite noise inside the disc,
where σ 2 pix is the per-pixel noise variance (assumed homogeneous) of the tSZ-cleaned map outside the masked disc region. Our estimator for the kSZ flux is then
where m i is the value of the tSZ-filtered map in pixel i (with pixel area Ω pix ), and the sum is over all pixels inside D. The variance ofâ CR kSZ is then given by
The first term in square brackets is the variance for the reconstructed CMB from above, and the second is the instrumental noise variance (which would affect the kSZ term even in the absence of the CMB). We have assumed that the effect of the tSZ and foreground components is fully encapsulated in the enlarged noise variance of the tSZ-cleaned map.
The first term in Eq. 14 is difficult to evaluate, so we compute it as i,j∈D
where u is a vector containing 1 in all pixels inside the disc, and 0 otherwise. The matrix inversion (C −1 + N −1 ) −1 · u is carried out using a preconditioned conjugate gradient solver, with C −1 and N −1 applied in Fourier and real space respectively (where each matrix is sparsest) [72] . We checked that this estimate of the uncertainty was independent of pixel size.
This method has one free parameter: the choice of disc radius, θ R . For this work, we chose θ R to be such that 80% of the (expected) beam-convolved kSZ signal was enclosed in the disc. (The same criterion was used for the aperture photometry filter described in the next section.) The resulting flux estimate will therefore be biased, as some fraction of the signal will fall outside the disc; this bias must be corrected for analytically, or using simulations. A real analysis would presumably also compare several choices of θ R to ensure stability of the results [c.f. 18].
Because it does not use information about the shape of the SZ profiles, the performance of this estimator is dictated by the noise level and the size of the disc that we consider. The CMB correlation function drops rapidly with separation angle, making the uncertainty on the residual T CMB −T CMB a steep function of the disc radius, θ R . The uncertainty for clusters that subtend larger angles is therefore dominated by the CMB fluctuations, while the instrumental noise becomes more relevant for smaller discs.
Aperture photometry filter
Aperture photometry (AP) attempts to avoid specific assumptions about both the CMB statistics and cluster properties. It is conceptually similar to the constrained realization method from above, in that it tries to estimate and subtract the CMB fluctuations inside a disc centred around each cluster. Its 'modelling' of the CMB is much simpler, however.
The method defines two concentric circles around each cluster, with radii θ R and √ 2θ R respectively, such that the areas of the inner and outer regions are the same. If CMB fluctuations have a typical angular size much larger than θ R , they will be almost constant over the aperture. Subtracting the flux integrated over the outer region from the inner region will therefore result in zero mean CMB signal. Assuming that θ R has been chosen such that most of the kSZ flux is inside the inner region, the integral of the residual there will be a good estimate of the total kSZ flux.
The simplicity of the AP method makes it possible to evaluate its performance analytically. The estimated kSZ contribution inside the inner region is
where m(n) is the tSZ-cleaned map, and (θ, φ) are cylindrical coordinates defined with respect to the centre of the aperture. The total kSZ flux in the inner region is
where the AP window function W AP (θ|θ R ) is 1 for 0 < θ < θ R , −1 for θ R < θ < √ 2θ R , and 0 otherwise. For homogeneous and isotropic noise, the variance of a
where C N (l) is the noise power spectrum (including CMB and instrumental noise), andW AP is the Fourier transform of the AP filter, given bỹ
We also validated this calculation numerically, using Gaussian realizations of the CMB. While this method is in some sense model-independent, it is also biased (like the CR method, above), and has higher variance. The latter is a consequence of the nonvanishing primary CMB power on scales of order the aperture size; while suppressed due to Silk damping, CMB anisotropies still dominate the kSZ signal on the typical (arcminute) angular scales of clusters. These contributions are not filtered by the AP method, and contribute significantly to the variance.
B. Cluster optical depth
As discussed above (see Eq. 2), the kSZ flux measures a degenerate combination of optical depth and velocity, and so additional information is needed to recover the velocities by themselves. This can be achieved through a number of different methods -for example, the mean optical depth as a function of cluster mass and redshift can be calibrated using simulations [40] , or from CMB polarization data [41] . One can also independently estimate τ by self-consistently modelling the ionized gas profile, or combining X-ray and tSZ information [42] .
Following the results of [43] using hydrodynamical simulations, we have assumed a log-normal scaling relation between the mean optical depth and the integrated Compton-y parameter:
and that the value of τ 500 for individual clusters will be scattered around this relation with a dispersion ∆τ /τ . The relative uncertainty on τ 500 is then
where σ Y is the statistical uncertainty in the measurement of Y 500 , given in Eq. 10, and we have assumed a scatter ∆τ /τ = 0.15, in agreement with simulations [40] . Note that this value corresponds to the scatter in τ for a given mass range, and not the scatter around the Y 500 − τ 500 relation. In that sense Eq. 20 would conservatively overestimate the total uncertainty on τ 500 .
Regarding the scaling parameter, B, here we have used the scaling of Y 500 and τ 500 with halo mass, M 500 , according to the cluster models described in Appendix A, to obtain
where α 1.79 is the scaling exponent of the Y 500 −M 500 relation (Eq. 24).
C. Detection efficiency of SZ-selected clusters
For a tSZ-selected cluster survey, the detection efficiency can be written as
where P det is the probability of obtaining a measurement Y obs 500 for a true integrated tSZ flux Y true 500 (see Appendix A), and P SZ is the distribution of integrated tSZ fluxes for clusters of mass M 500 at redshift z, which accounts for the intrinsic scatter in the Y − M relation. We have assumed a detection threshold of qσ N , where σ N is the noise on the measurement of Y 500 (given by Eq. 10 for matched-filter detections), and q is the detection level above which clusters are accepted (e.g. q = 5 denotes a 5σ detection threshold).
Assuming Gaussian errors on the tSZ flux, the inner integral in Eq. (22) is
The distribution of true tSZ fluxes is usually assumed to take a log-normal form,
whereȲ 500 (M 500 , z) and σ ln Y500 are the mean and intrinsic scatter in the Y −M relation. We adopt the empirical fitting function from [44] , given bȳ
where d A is the angular diameter distance, 1 − b = 0.8, Y * = 2.42 × 10 −10 sr 2 , α = 1.79 ± 0.08, β = 0.66 ± 0.5, E(z) ≡ H(z)/H 0 , and σ ln Y500 = 0.127 ± 0.023.
D. Galaxy survey velocity reconstruction
In Newtonian theory, the relationship between the velocity and density fields is fully described by three nonlinear equations: the continuity, Euler, and Poisson equations [45] . The continuity equation readṡ
While evaluating the time derivativeδ in general requires solving the non-linear system of equations in full, the density field grows self-similarly (δ(t, x) = D(t) δ(t 0 , x)) in linear theory. After linearization, this allows us to rewrite the (Fourier space) continuity equation as
where a is the scale factor, and H ≡ȧ/a and f ≡Ḋ/D are the expansion and growth rates. A measurement of the three-dimensional density field can therefore be used to infer the velocity field on linear scales. In practise, this can be achieved by using the number counts from a spectroscopic galaxy survey as a (biased) proxy for the true density. Several sources of systematic uncertainties must be addressed, however: a. Non-linearities: Eq. (26) is only valid in the linear regime; non-linearities may introduce a bias in the recovered velocities. The impact of this effect can be mitigated by filtering out the smallest non-linear scales, at the cost of introducing extra variance in the reconstructed velocity field. We provide a more quantitative description of these effects below.
b. Galaxy bias: The relation between the observed galaxy number density and the true matter density field must be correctly modelled in order to avoid a biased reconstructed velocity field. While the connection between both fields has been shown to be well described by a linear, deterministic, and scale-independent bias factor, δ gal = b g δ, on large scales, possible deviations from this model on small scales are a potentially dangerous systematic uncertainty.
c. Shot noise: Noise due to a low number density of detected galaxies can significantly increase the variance of the reconstructed velocity field. A Wiener-filtering approach can be used to down-weight shot noise-dominated scales [46] .
d. Redshift-space distortions: The non-zero radial peculiar velocities of galaxies modify their apparent redshift, and hence distort the recovered density field in an anisotropic manner. Redshift-space distortions are, however, well understood in linear theory, and can be fully incorporated into Eq. 26. An incorrect modelling of nonlinear RSDs could introduce important systematics in the reconstructed velocity field, however.
We obtained a best-case estimate of how accurately the true cluster velocities can realistically be recovered from the reconstructed velocity field by running a simple reconstruction algorithm on a suite of N-body simulations. The simulations were carried out using Gadget-2 [47] , a tree-PM gravitational solver, which was run on initial conditions generated using second-order Lagrangian perturbation theory [48] For each snapshot, we estimated the reconstructed velocity for each halo as follows:
1. The density field is estimated on a Cartesian grid of size N grid = 512 using a Cloud-In-Cell algorithm.
2. The density field is then smoothed using a Gaussian filter with standard deviation R G as the characteristic scale. We studied the dependence of the reconstructed velocity field on the choice of smoothing scale by repeating this step for R G = {0, 0.5, 1, 2, 4, 8} h −1 Mpc.
3. The velocity field is then estimated from the smoothed density field by solving the linearized continuity equation in Fourier space (Eq. 26).
4.
A reconstructed velocity is assigned to each halo by interpolating the velocity field to the halo position, using a trilinear interpolation scheme.
We then compute the relative error between the reconstructed and true halo velocities for each halo, and study its statistics as a function of redshift and smoothing scale in different mass bins. For halo masses in the range of interest, we find that it is always possible to find a smoothing scale that yields an unbiased estimate of the halo velocity, as well as roughly attaining minimum variance. Fig. 1 shows this explicitly for the z = 0.3 snapshot. In all cases, we found the optimal smoothing scale to be in the range R G ∈ (2, 6) h −1 Mpc. The relative error in the reconstructed radial velocities is ∼ 50%, and is well fit by This estimate of the relative error due to the velocity reconstruction includes the contribution from non-linear scales, but none of the other three effects listed above (galaxy bias, shot noise, and RSDs). A thorough evaluation of these lies beyond the scope of this paper. In any case, as evidenced by the results shown in Section III C, the uncertainty in the measured kSZ amplitude for each cluster should dominate the combined total uncertainty of the method (Eq. 5), so we do not expect these caveats to significantly affect our results.
We also used the halo catalogues from these simulations to estimate the distribution of radial velocities p(β r |M, z) that enters Eq. 6. We find that v r ≡ c β r is approximately Gaussian-distributed, with zero mean and a standard deviation given by
with (σ 0 , σ 1 ) = (312, 22) km/s and (γ 0 , γ 1 ) = (0.87, 1.05).
Finally, note that even though we have so far claimed that this method is able to yield a measurement of the quantity α defined in Eq. 3, since f H is the combination entering Eq. 26, the reconstructed velocity field is also sensitive to the normalization of the matter density field δ estimated from the galaxy overdensity. This relation is, on linear scales, determined by the galaxy bias b g as well as the overall normalization of the density power spectrum which can be encoded in the parameter σ 8 . Thus, in reality, this method measures the combination
It should be possible to obtain tight priors on b g and σ 8 from measurements of galaxy clustering and CMB power spectra, so we will regard α as mainly measuring the product f H in what follows. The existing uncertainties on these quantities should, however, be borne in mind.
III. RESULTS
In this section, we forecast how well each of the three kSZ extraction methods will be able to measure the expansion and growth rates using forthcoming Stage 3 and 4 ground-based CMB experiments. 
A. Experimental setup
The current state of the art in CMB observation combines datasets from full-sky, space-based experiments (WMAP [50] and Planck [51] ) with "Stage 2" groundbased experiments that focus on mapping the small-scale CMB anisotropies (e.g. ACTPol [52] , SPT-Pol [53] , and POLARBEAR [54] ). Over the next few years, enhanced Stage 3 (S3) ground-based experiments (e.g. AdvACT [55] and SPT-3G [20] ) will be rolled out, with larger numbers of detectors, multiple frequency channels, and the ability to survey a larger fraction of the sky. The high angular resolution and low noise levels of these experiments will make them ideal for cluster science, producing SZ catalogues that contain O(10 4 ) sources over a wide range of masses and redshifts. S3 experiments will eventually be superseded by a Stage 4 (S4) experiment, possibly composed of a set of ground-based facilities. Such an experiment would cover ∼ 20, 000 deg 2 on the sky, with noise levels of around 1µK-arcmin. Such high sensitivity and large sky coverage is expected to increase the size of the corresponding cluster catalogue by at least an order of magnitude, making S4 an ideal experiment for the application of the method described here.
We consider a representative experimental specification for each Stage. For S3, we assume a wide (f sky = 0.4) survey with characteristics similar to those of AdvACT. The likely design of S4 is much less certain, so we consider an enhanced version of the S3 setup, with twice the beam width, eight times the sensitivity, and the same sky fraction. We assume Gaussian beams in every band for S3 and S4. The specifications for both experiments are detailed in Table I . 
B. SZ catalogue properties
Using the formalism in Sect. II C, we predicted the expected mass and redshift distribution of the tSZ-selected cluster catalogues for each experiment (Fig. 2) . Integrated mass and redshift distributions are shown in Fig. 3 .
For both S3 and S4, we assumed a S/N threshold for cluster detection of q = 6 [75] , yielding catalogues containing ∼ 20, 000 and ∼ 600, 000 sources respectively (in agreement with e.g. [55] ). For S3, the bulk of the sample lies in the mass range log 10 M 500 /(h −1 M ) ∈ (13.7, 14.5), and at redshifts z 0.6, while S4 would be able to extend these ranges to log 10 M 500 /(h −1 M ) 13.2 and z 1.5. We validated this calculation by running our forecast pipeline with the specifications of the Planck survey [51] , obtaining a catalogue with properties (mass and redshift distributions) similar to the one presented in [56] .
Note that the average cluster size projected on the sky for S4 (given the size of the instrumental beam) is ∼ 4 , while the expected number density of clusters for S4 is large (∼ 35 deg −2 ). It is straightforward to show that a fraction f blend ≈ 45% of such a sample would overlap with other clusters on the sky (f blend ≈ 5% for S3). Although the problem of cluster blending could in principle be overcome by using information about the cluster profiles, we have taken a conservative approach here and simply multiplied the number density of SZ sources by the expected fraction of non-overlapping clusters, 1 − f blend , essentially discarding the blended objects.
C. Comparison of kSZ extraction methods
We now compare the performance of the three different kSZ extraction methods described in Sect. II A: matched filtering (MF), constrained realizations (CR), and aperture photometry (AP). Fig. 4 shows the signal-to-noise ratio (SNR) of the kSZ amplitude measured for a set of characteristic cluster masses and redshifts, assuming a radial velocity v r = 300 km/s. For a fixed mass, clusters subtend a larger angle on the sky with decreasing redshift, and the performance of the AP and CR methods is therefore significantly degraded at low z, as larger-scale CMB modes (which have larger variance) enter the filter region. This behavior is not reproduced by the MF method, as knowledge of the SZ profile shape allows the cluster to be efficiently distinguished from CMB anisotropies, regardless of its increased variance. In fact, the MF method sees a slight increase in SNR at low redshift for low mass clusters, as the relatively weak signal can be added up coherently over a larger number of pixels.
The CR method shows a definite improvement over AP for all masses and redshifts, typically gaining a factor of ∼ 2 in SNR. While this is a factor of between 3 − 20 worse than the MF method, it is nevertheless a significant improvement for a model-independent method, especially considering the increased precision on the cosmological parameter measurement (see Sect. III D).
Profile uncertainty: While MF has by far the best performance in our simulations, its efficacy relies heavily on the accuracy of the assumed cluster profile. Given the current large uncertainty on the mean profile shape (e.g. see [18] ), and the typical scatter in the profile from cluster to cluster, it is important to fold profile uncertainties into the errors on the recovered velocity. This is often achieved by repeating the analysis over a grid of profile parameter values for each cluster, although this rapidly becomes impractical as the number of parameters grows. Alternatively, a Monte Carlo parameter sampling approach can be taken, as discussed in [39] .
The profile parameters are often poorly constrained however, and can suffer from strong degeneracies. We checked that this is likely to be the case by calculating Fisher matrices for the parameters of the GNFW profile (see Appendix A for definitions), as constrained by the combined tSZ and kSZ profiles. There are several near-degeneracies in the Fisher matrix for S3 and S4, almost independent of redshift. After inversion, we find M 500 , c 500 (the concentration parameter), and γ (the outer slope) to be most strongly correlated with the cluster velocity, with correlation coefficients ranging from |r| 0.6 − 0.9 for a 10 15 h −1 M cluster over a range of redshifts. Other parameter degeneracies make the matrix near-singular, however. Auxiliary information on the cluster shape (e.g. from X-ray observations or galaxy surveys) must therefore be added to break degeneracies in a real analysis. This typically relies on the use of scaling relations and simulations, the accuracy of which must also be folded into the uncertainty -in lieu of a generic procedure for doing this, we leave a quantitative analysis of profile shape uncertainties to future work. 
Improvement in the kSZ measurement error for S3 after including polarization data. The marginal improvement for large clusters is due to the non-zero correlation between T and E, and is negligible overall.
Polarization: Both S3 and S4 are sensitive to polarization as well as total intensity. The tSZ and kSZ signals are expected to be almost completely unpolarized, while the CMB is not. Furthermore, the T and E CMB anisotropies are correlated, suggesting a possible way to improve the CMB reconstruction by including polarization information in the methods described in Sect. II A.
As an example, we take the matched filter (MF) method and extend the profile matrix U in Eq. 10 with polarized channels in which the SZ profiles are set to zero. The variance of the kSZ amplitude is then computed as in Eq. 10, where the noise covariance now contains all autoand cross-correlations between the temperature and polarization channels. Fig. 5 shows the fractional change in the error on the kSZ measurement due to the inclusion of polarization information for S3. The improvement is negligible for all relevant cluster masses and redshifts. This result is disappointing but understandable: while the non-zero T −E correlation does make it possible to better predict properties of the temperature field from the measured polarization field, the correlation is relatively small (∼ 10%), and basically negligible for noise-dominated scales (corresponding to most of the cluster sample).
S4 specification: Finally, as the specification of S4 is uncertain, it is worth exploring the posible benefit of different design strategies. For SZ cluster science, a narrower instrumental beam would allow the detection and characterization of less-massive and more-distant sources. Fig. 6 shows the dependence of the kSZ uncertainty on the S4 beam FWHM for a 3 × 10 14 h −1 M cluster with cβ r = 300 km/s. Reducing the beam FWHM for S4 by a factor of ∼ 3 (i.e. from 3 arcmin to 1 arcmin) would improve the kSZ uncertainties by a similar factor at all redshifts for matched filters, and the uncertainty for the cluster-blind methods would gradually improve to a similar degree towards higher redshifts, where the smaller projected cluster size would benefit greatly from a reduced beam size. It is worth noting that, since the tSZ uncertainties would be similarly reduced, the effect on the performance of the method described here is twofold: first, it would increase the number of tSZ-detected clusters, and second, the kSZ uncertainties for those clusters would be reduced.
D. Expansion/growth rate constraints
We can now combine all of the information from the preceding sections to estimate the uncertainty on α ∼ f H (Eq. 6). Fig. 7 shows the forecast relative errors on α for the three kSZ extraction methods for both S3 and S4, using redshift bin widths ∆z = 0.2 and 0.1 respectively, and assuming full overlap with a spectroscopic galaxy survey.
As expected, the matched filter (MF) method performs best, with S4 providing extremely competitive sub-1% measurements of f H out to z = 1.5. The blind CR method is only a factor of 2 − 3 worse above z ≈ 0.5, which is also promising, while the AP method is a full order of magnitude down, mustering only ∼ 10% constraints for S4. The story for S3 is more one-sided, with the MF technique achieving ∼ few % constraints out to z 0.8, while the CR and AP methods reach only ∼ few×10% at best. The MF method performs especially well at low redshift, where clusters can be well-resolved (especially by the high-resolution S3), allowing the shape information assumed by the filter to have the fullest effect. The difference is less pronounced at high z, so using blind methods here may be preferable due to their conservatism.
E. Dependence on galaxy survey overlap
The constraints on α ultimately depend on the availability of an overlapping spectroscopic galaxy redshift survey. To explore the importance of this issue, we selected three forthcoming galaxy surveys according to their expected time of completion: BOSS, DESI, and 4MOST. The forecast uncertainties for each of them are shown in Fig. 8 , assuming the matched filter method for kSZ extraction. When estimating the overlap of these surveys with our model CMB experiments, we have assumed that both S3 and S4 will be southern hemisphere facilities. For comparison, the figure also includes the constraints for an "ideal" experiment, with full redshift and area overlap. Optimistic forecasts for f H from a Euclid-like spectroscopic galaxy survey, made by combining BAO and RSD Fisher forecasts from [57] , are also shown for comparison.
The most competitive existing spectroscopic survey, in terms of surveyed volume, is SDSS-III's Baryon Oscillation Spectroscopic Survey (BOSS) [58] . The combination of its LOWZ and CMASS samples covers most of the redshift range out to z = 0.7 over ∼ 10, 000 deg 2 on the sky, with a number density n g ∼ 10 −4 (h −1 Mpc) −3 . We assume a ∼ 50% area overlap (5, 000 deg 2 ) between BOSS and our model S3 experiment, due to the northern hemisphere location of BOSS. The relatively low number density of sources in BOSS could severely affect the uncertainty on the reconstructed velocities, and so we conservatively doubled the size of the uncertainty ε βr in Eq. 27. This is in agreement with the results of [18] . Using a matched filter approach, an S3 experiment overlapping with BOSS could obtain a ∼ 5% measurement of the combination f H in the range 0.1 < z < 0.7, improving by a factor of ∼ 3 for S4.
BOSS will be superseded by the Dark Energy Spectroscopic Instrument (DESI) [59] , which will operate for 4 years starting in 2018. Jointly, its LRG and ELG samples will cover a similar fraction of the sky to BOSS, but now reaching out to z 1.5, and with a higher number density. We assume the same 50% overlap with the S3 and S4 surveys. Note that the number density will likely be too low to yield a reliable velocity field reconstruction in the high-z tail, and so we have only considered the redshift range z < 1 here. The larger number density and redshift coverage of DESI yields a small improvement in the forecast uncertainties on α compared to BOSS, with errors of ∼ 5 − 10% achievable with S3, improving by a factor of ∼ 4 − 10 for S4.
The 4-metre Multi-Object Spectroscopic Telescope (4MOST) [60] will carry out a similar spectroscopic survey to DESI in terms of area, depth, and number density, but from the southern hemisphere. Although 4MOST will not start operations until 2021, its near-total overlap with the survey areas of southern hemisphere CMB experiments such as AdvACT makes it ideal for this kind of analysis. We assumed an 80% area overlap (∼ 14, 000 deg 2 ) with S3 and S4, and a redshift overlap for all z < 1. The main improvement over DESI lies in the larger area, which translates into a factor of ∼ 2 lower uncertainties on f H. This signal-to-noise level would make these measurements competitive with forecast RSD and BAO uncertainties for Stage IV galaxy surveys.
Finally we note that in the next decade, radio facilities such as the Square Kilometre Array (SKA) [61] will carry out spectroscopic galaxy surveys using the 21cm radio line. Since any survey carried out by the SKA and its pathfinders would have almost complete overlap with both S3 and S4, it is worth exploring the constraints achievable by these surveys. Phase 1 of the SKA would be able to produce a 5, 000 deg 2 survey with significant number densities out to z ≈ 0.4 [62] . The constraints from this experiment would therefore be similar to those of DESI for this reduced redshift range. The survey would be extended during Phase 2 of SKA to cover ∼ 30, 000 deg 2 out to to z 1.3. The results for such a survey would be similar to those forecast for 4MOST.
IV. DISCUSSION
We have studied the potential of measuring the growth rate using a combination of a reconstructed velocity field from a galaxy redshift survey and CMB observations of the kSZ effect. The performance of this approach depends on the uncertainties with which three quantities can be measured: the kSZ flux of each cluster, the cluster velocity reconstructed from the galaxy density field, and the cluster optical depth. Of these, we have found the kSZ measurement error to be the dominant source of uncertainty for most redshifts and masses, and so we have delved deeper in the details of kSZ extraction.
To this end, we have discussed and compared three different methods to measure the kSZ with varying degrees of conservatism: matched filters (MF), which assume knowledge of both the CMB anisotropies and the mean cluster profiles; constrained realizations (CR), which only assume a model of the CMB statistics; and angular photometry filters (AP), which separate the primary CMB and kSZ components using only qualitative assumptions about their scale dependence.
We have shown that these assumptions have a critical effect on the resulting kSZ uncertainties: while AP filters cannot be used to obtain interesting constraints on α ∼ f H, constrained realizations could reduce the kSZ uncertainties significantly, yielding percent-level errors on this quantity assuming a perfectly overlapping galaxy redshift survey. Knowledge about the cluster profiles is necessary to reduce the uncertainties further, especially at low redshifts where clusters subtend larger solid angles. In this case, we have shown that with matched filtering, it would be possible to obtain kSZ errors small enough to make this method competitive with RSDbased measurements of the growth rate, which should yield sub-percent uncertainties with Stage IV galaxy surveys. We have further shown how this method can be extended to make use of polarization data, although the level of improvement caused by the T − E correlation in this case is negligible.
It is worth noting that the CR method we propose in this work, based on subtracting our best guess of the CMB anisotropies, can significantly improve the S/N of kSZ measurements compared with the commonly-used AP filter, but without requiring strong assumptions to be made about the shape of the cluster SZ profile (as is the case with MF). Although the CR method does require the CMB power spectrum to be specified, we are now at a point where it is known with sufficient precision to make this method practical.
The methods presented here build on a number of assumptions. While these should mostly be quite reasonable, it is worth bearing in mind the following caveats that will affect any future analysis with real data:
• The effectiveness of the matched filter technique depends strongly on the uncertainty in the assumed kSZ profile. Marginalizing over profile parameters (e.g. using MCMC sampling techniques) is difficult due to the strong degeneracies between most parameters, so high-quality external data (e.g. from X-ray and optical observations) is needed to better constrain the profile shapes.
• The large number densities of clusters that will be detectable means that blending (overlapping clusters on the sky) will be an important problemseveral tens of percent of clusters will be blended for S4. We have assumed that blended clusters can be identified and discarded.
• We have ignored several potential biases and uncertainties in the velocity field reconstruction procedure, due to effects such as shot noise, RSDs, and non-linear and scale-dependent bias. Although the uncertainty on the kSZ measurements should dominate the overall error bar, the impact of these effects should be studied in depth. This is the subject of ongoing work.
• We have ignored biases and contamination due to imperfect foreground subtraction. Some foregrounds (e.g. radio point sources, or the cosmic infrared background) are correlated with cluster positions, and so may not average down. It should, however, be possible to clean these foregrounds using their different frequency spectra.
• We have ignored sources of the kSZ effect that are not associated with clusters, such as the OstrikerVishniac effect from the diffuse IGM, and patchy kSZ from the epoch of reionization.
• We have only quantified the statistical uncertainties in the three observables (a kSZ , β r , τ 500 ), neglecting any systematic errors in their measurement. The power of this method relies on averaging over many low-significance, single-cluster measurements of α by using large numbers of clusters. Systematic uncertainties do not average down however, and so, for a sufficiently large number of clusters, the method will eventually be dominated by them. This is particularly relevant for one of the key assumptions we have made: the existence of a wellcalibrated Y 500 − τ 500 relationship, needed to break the τ −β r degeneracy. Due to our imprecise current knowledge of cluster physics, systematic deviations can be expected at first, which will need to be correctly quantified.
An important aspect of this method is its different dependence on cosmic variance with respect to traditional clustering-based measurements of the growth rate. The statistics of a single realization of the density field can only be determined up to an accuracy defined by the number of modes accessible in a given survey region. This sample variance limit is easily reached by galaxy surveys, given a sufficiently high number density of sources. The performance of the method discussed here depends on different factors, however: the measurement errors ε i , and the total number of SZ clusters for which this measurement can be carried out. The latter is, in turn, determined by the shape and redshift dependence of the mass function and the total surveyed volume. Both sources of uncertainty can (in principle) be reduced without limit, by improving experimental parameters such as the noise sensitivity and angular resolution. This reduces the measurement uncertainties, and extends the mass range of the resulting cluster sample to smaller masses (although, for a fixed lower mass bound, the method will be limited by the number of halos present in the surveyed patch, which is a different manifestation of the cosmic variance problem). Note that this very fact also distinguishes this method from other procedures proposed in the literature to measure the kSZ effect, such as the pairwise kSZ signal [63] or the projected-field probe of [64] .
This leads to an almost complete immunity to cosmic variance, which can be interpreted as follows: the parameter α ∼ f (z)H(z) is measured from the combination of two different proxies for the same velocity field, and so the stochastic velocity terms essentially cancel out. This leaves behind a deterministic term that can be measured to arbitrary precision, limited only by the aforementioned sources of noise that go into the α estimator, and not by mode counting. A similar effect arises when two differently-biased tracers of the density field are combined to measure RSDs [65] .
Due to their tSZ selection functions, and the choice of overlapping galaxy redshift surveys, the growth constraints from S3 and S4 will be mostly restricted to z 1. This is exactly the regime in which the growth rate has the most to tell us, though -f deviates increasingly from unity at later times, when dark energy begins to dominate the expansion history. Precision measurements of both growth and expansion at these redshifts are vital to attempts to characterize dark energy and possible modifications of GR. The combination of the two, α, constrained by the method described here, is highly complementary to other combinations measured by probes such as BAO and RSDs. By probing the velocity field in a very different (and more direct) way, this method also provides a useful consistency check on RSDs, which use the 2D shape of the clustering pattern, and require a number of modelling assumptions. While a successful application of this method will need an excellent calibration of systematic uncertainties (especially those related to cluster gas physics), we have shown that combined kSZ and galaxy redshift survey analyses promise to become an important window into gravitational physics on large scales in the near future. 
where x r denotes the radius from the centre of the cluster, and x z is the distance along a line of sight through the cluster (with closest approach to the centre, x z = 0, at a radius x).
Kinetic SZ profile
The kSZ profile is determined by the electron density rather than the pressure profile. Here we will model n e by assuming that the cluster is in hydrostatic equilibrium [68] , n e (r) = ρ gas m p µ e = − r 2 GM (< r)m p µ e dP e dr , The tSZ (solid lines) and kSZ (dashed) profiles for clusters with halo masses 2 × 10 13 h −1 M (blue) and 2 × 10 14 h −1 M (red), both at z = 0.3 with a radial velocity vr = −400 km/s. The masses are chosen to be broadly representative of the S4 and S3 samples respectively (see Fig. 3 ). The vertical lines show the characteristic angular scale θ500 (solid), and the disc radius θR (dotted) for the AP filter for a Stage 3 experiment (1.4 arcmin beam), defined in Section II A 2.
